Abstract. We develop the theory of Banach algebras whose multiplication (regarded as a bilinear map) is open. We demonstrate that such algebras must have topological stable rank 1, however the latter condition is strictly weaker and implies only that products of non-empty open sets have non-empty interior. We then investigate openness of convolution in semigroup algebras resolving in the negative a problem of whether convolution in ℓ 1 (N 0 ) is open. By appealing to ultraproduct techniques, we demonstrate that neither in ℓ 1 (Z) nor in ℓ 1 (Q) convolution is uniformly open. The problem of openness of multiplication in Banach algebras of bounded operators on Banach spaces and their Calkin algebras is also discussed.
Introduction
Perhaps the most spectacular failure of the multilinear version of Banach's open-mapping theorem is elucidated by D.H. Fremlin's example of the function f (x) = x − 1/2 (x ∈ [0, 1]) that witnesses the lack of openness of multiplication in the real Banach algebra C[0, 1] at (f, f ) for rather obvious reasons. Of course, examples of bounded bilinear maps that are not open had been known before (just to mention the primordial example of Cohen [14] and the first example on a finite-dimensional space by Horowitz [22] ), however it was Fremlin's example that triggered intensive study of openness of multiplication in various function algebras [3-11, 23, 24] .
The aim of this paper is twofold. Firstly, we aim at putting the theory of Banach algebras with open multiplication at a more systematic footing. By this we mean investigation of preservation of (weakly, uniformly) open multiplication by operations such as completions, direct products, quotients, direct limits, ultraproducts, etc. We wish to emphasise that our results place the property of having topological stable rank 1 (that is, having dense invertible group) strictly between having weakly open and open multiplication.
Secondly, once the above-listed permanence properties are established, we turn our attention to concrete examples of Banach algebras such as algebras of continuous functions, semigroup convolution algebras, algebras of functions having bounded variation or algebras of bounded operators on Banach spaces. For example, we extend Komisarski's result that links openness of multiplication in C(X) with the covering dimension of X to the case of complex scalars (Proposition 4.4); as an offshoot of these investigations, we obtain a new proof in the case where X is zero-dimensional (Proposition 4.6). Moreover, we address various questions left open in the aforementioned papers. For instance, we prove that the Cauchy product (convolution) in ℓ 1 (N 0 ) is not open (Corollary 4.8), thereby answering in the negative a question posed by Balcerzak, Behrends and Strobin [3, Question 3 on p. 493]. Moreover, using ultraproduct methods and the theory of infinite Abelian groups, we prove that the algebras ℓ 1 (Z) and ℓ 1 (Q) do not have uniformly open multiplication (Corollary 4.13). We also recover a recent result of Kowalczyk and Turowska [24] asserting that multiplication in the Banach algebra of all scalar-valued functions with bounded variation on an interval is weakly open.
The final section is devoted to Banach algebras B(E) of bounded operators acting on a Banach space E. We demonstrate that for all classical Banach spaces E, neither B(E) nor the corresponding Calkin algebra has open multiplication (Theorem 4.15). However, we also show, by using Fredholm theory, that these algebras have weakly open multiplication for certain Banach spaces E, that include the hereditarily indecomposable Banach spaces (Theorem 4.17).
Let us remark that the problem of openness of a bilinear map has global rather than local character. Indeed, it is clear that if multiplication is open when restricted to a ball centred at zero (more precisely, to the set B(0, r) × B(0, r) for some r > 0), then it is open. However, openness on a different open ball is usually not sufficient. Indeed, multiplication in a Banach algebra with the identity element 1 is always open on the ball B(1, 1) comprising invertible elements; this follows from the fact that the mapping x → xy is a homeomorphism for any invertible element y.
Preliminaries

2.1.
Open and uniformly open maps. The notion of an open map between metric spaces plays a pivotal rôle in this article so let us invoke the definition.
Let X and Y be metric spaces. We denote by B(x, r) the open ball in X centred at x with radius r and we use the same symbol for open balls in Y trusting that it will not lead to confusion. (Occasionally, we may use the subscripts X, Y etc., to indicate the space we consider the ball in.) A function f : X → Y is open whenever for any open set U ⊆ X the image f (U) is open. This is of course equivalent to saying that for any x ∈ X and ε > 0 there is δ > 0 such that [25, Lemma 3.9] .) Lemma 2.1 (Schauder). Let X and Y be metric spaces and let f : X → Y be a continuous function. If X is complete and f has the property that for every ε > 0 there exists δ > 0 such that for any x ∈ X one has
Another related notion concerning maps between metric spaces is weak openness. A map T : X → Y is weakly open whenever for any non-empty open set U ⊆ X the image T [U] has non-empty interior (cf. [7, Section 2] ). We also say that maps T γ : X γ → Y γ (γ ∈ Γ) are equi-uniformly open if they are uniformly open and δ depends on ε > 0 in the same way for all γ.
Banach algebras.
A Banach algebra is a real or complex Banach space A furnished with associative multiplication making it a ring that satisfies ab a · b (a, b ∈ A). When we do not specify whether we talk about a real or complex Banach algebra, it means that the statement is valid for both choices of the scalar field-otherwise, we clearly indicate the underlying scalar field. A Banach algebra is unital if it has the multiplicative identity. Banach algebras are isomorphic if there exists an invertible, bounded linear map between them that preserves multiplication. Let A be a unital Banach algebra. We denote by GL A the set of all invertible elements in A; this set is a group under multiplication and it is open in the norm topology. An element a in a Banach algebra A is a topological zero divisor if inf{ xa + ax : x ∈ A, x = 1} = 0. We shall require the following elementary lemma concerning topological zero divisors in Banach algebras. It may be found, e.g., in [13, Theorem 14 on p. 13].
Lemma 2.2. Let A be a unital Banach algebra. Then the boundary of GL A consists of topological zero divisors.
Let A be a unital Banach algebra. An element a ∈ A is left-invertible (or right-invertible) if there exists x ∈ A such that xa = 1 (or ax = 1). Conspicuously, these notions coincide in commutative algebras. However, in general they are different (for example, the rightshift operator on the Hilbert space ℓ 2 (N) is left-but not right-invertible). It turns out that density of invertible, left-invertible and right-invertible elements in a unital Banach algebra are all the same. This has been noticed for C*-algebras by Robertson [30] and proved in full generality by Rieffel [29, Proposition 3.1]. Before we state the result, let us introduce the notion of topological stable rank 1. Definition 2.3. A unital Banach algebra has topological stable rank 1 (tsr A = 1, for short), when GL A is dense in A.
Proposition 2.4. Let A be a unital Banach algebra. Then the following conditions are equivalent:
(i) tsr A = 1;
(ii) the set of all left-invertible elements of A is dense in A;
(iii) the set of all right-invertible elements of A is dense in A. Moreover, if any of the above-listed conditions is met, then a ∈ A is left-invertible if and only if it is right-invertible (hence invertible).
We shall require the following standard fact in Banach algebras, which follows from the observation that elements whose resolvent sets have empty interior in the complex plane form a dense set.
Proposition 2.5. Suppose that A is a unital Banach algebra with the property that each element a ∈ A has totally disconnected spectrum. Then tsr A = 1.
In particular, the above applies to finite-dimensional unital Banach algebras. We remark in passing that a more general result for higher stable ranks may be found in [16] . The following fact is an immediate corollary to Proposition 2.5.
Corollary 2.6. Suppose that A is a unital commutative Banach algebra such that the linear span of idempotents in A is dense. Then tsr A = 1.
We refer to [17] and [26] for further results concerning Banach algebras having topological stable rank 1.
2.3. Semigroup algebras. Let S be a non-empty set and let ℓ 1 (S) denote the space of all absolutely summable scalar-valued functions on S. By (e s ) s∈S we denote the canonical unit vector basis of ℓ 1 (S). Suppose that S is a semigroup, that is S is a set that is furnished with an associative operation · . Then ℓ 1 (S) becomes a Banach algebra with the convolution product * (which we will sometimes refer to as multiplication in ℓ 1 (S)):
where x = (ξ s ) s∈S , y = (η s ) s∈S ∈ ℓ 1 (S). Denoting by N 0 the additive semigroup of all non-negative integers, convolution in ℓ 1 (N 0 ) is the familiar Cauchy product of series. The semigroup of N 0 is a paradigm example of a cancellative semigroup, i.e., a semigroup S with the property that for all g ∈ S the maps s → gs, s → sg (s ∈ S) are injective.
is naturally a closed subspace of ℓ 1 (S), which becomes a subalgebra as long as T is a subsemigroup of S. If S is a monoid, that is, if S has a neutral element 1 ∈ S, then the Banach algebra ℓ 1 (S) is unital, where e 1 is the identity element; the converse is not true.
Every surjective homomorphism ϑ : T → S of semigroups induces a surjective homomorphism h ϑ : ℓ 1 (T ) → ℓ 1 (S) of Banach algebras by the action
h ϑ e t = e ϑ(t) (t ∈ T ).
We refer the reader to [18, Chapter 4] for more information on semigroup algebras.
2.3.1.
The space c 0 (Λ). Let Λ be a non-empty set. We denote by c 0 (Λ) the space of all scalar-valued functions on Λ that converge to 0, that is, functions f such that for any ε > 0 the set {λ ∈ Λ : |f (λ)| ε} is finite. The space c 0 (Λ) is a Banach space when equipped with the supremum norm and c 0 (Λ) * is isometrically isomorphic to ℓ 1 (Γ) via the pairing
2.3.2.
Ultraproducts of group algebras. In this section we provide a link between the algebraic ultraproduct of groups and the corresponding Banach-space ultraproduct of their group algebras. This has been essentially developed by Daws in [19, Section 5.4] in the case where all groups are the same but the constructions carry over to arbitrary ultraproducts so we only sketch them. We briefly define the ultraproducts of Banach algebras. Let (A γ ) γ∈Γ be a family of Banach spaces. Then A = ( γ∈Γ A γ ) ℓ∞(Γ) , the space of all tuples (x γ ) γ∈Γ with x γ ∈ A γ (γ ∈ Γ) and sup γ∈Γ x γ < ∞ is a Banach space under the supremum norm. Let us assume that the index set Γ is infinite. We fix a non-principal ultrafilter U on Γ. Then the subspace J = c
are Banach algebras, then naturally so is A (endowed with the coordinate-wise product) and J is then a closed ideal, hence an ultraproduct of Banach algebras is a Banach algebra.
Let (G γ ) γ∈Γ be an infinite collection of groups and let U be an ultrafilter on the index set Γ. The algebraic ultraproduct U γ∈Γ G γ (denoted also G U when G γ = G are all equal and termed then the ultrapower of G) is the direct product γ∈Γ G γ quotiented by the equivalence relation
The ultraproduct of groups carries an intrinsic structure of a group, which is Abelian if so are all G γ . We define the maps
and extend them by linearity to (in general, non-surjective) isometries. Given the duality between the Banach spaces c 0 U γ∈Γ G γ and ℓ 1 U γ∈Γ G γ , the ultraproduct U γ∈Γ ℓ 1 (G γ ) sits naturally as a subspace of the dual space of U γ∈Γ c 0 (G γ ). Consequently, we may view the composite map ϕ * 0 • ϕ 1 as the identity map on the space ℓ 1 ( U γ∈Γ G γ ) and so we may naturally identify this space with a complemented subspace of
is a contractive, surjective algebra homomorphism.
2.4.
Fredholm theory of operators on Banach spaces. Let E be a Banach space and denote by B(E) the Banach algebra of all bounded operators on E. The set K(E) of compact operators on E is a closed ideal of B(E) and so we may form the quotient algebra
, that we will often refer to as the Calkin algebra of E. In this section we gather basic facts from Fredholm theory of operators on Banach spaces (we refer the reader to Arveson's book [2, Chapter 3] for a beautiful exposition of the topic).
An operator T ∈ B(E) is Fredholm if the dimensions of ker T and E/T [E]
are finite, in which case we define the number Proof. Let E be a Banach space and let T ∈ B(E) be a Fredholm operator of index 0. Let P be a projection onto ker T and let Q be a projection onto
Then the operators T + rUP (r > 0) are invertible and converge to T as r → 0 + .
Permanence properties of algebras with open multiplication
It is rather disappointing that openness of multiplication does not pass to closed subalgebras, even in the commutative case. An example of such phenomenon is exemplified by the algebra C(∆) of all continuous functions on the Cantor set ∆, which has uniformly open multiplication (Proposition 4.6). Every compact metric space is a continuous image of ∆, so there exists a continuous surjection θ :
) is an isometric algebra homomorphism, so the range of h θ is isometrically isomorphic to 
which gives the assertion. As for weak openness, suppose that B A (x, ε) · B A (y, ε) has non-empty interior. As κ, being a surjection, is an open map, B A/J (κ(x), ε) · B A/J (κ(y), ε) has non-empty interior as well.
For (ii), since B is isomorphic to A/ ker h, it is enough to prove the assertion in the case where h is invertible. For ε > 0 and δ > 0 corresponding to ε/ h in A it is then enough to take δ ′ = δ/ h −1 . Proof. First, assume that multiplications in A γ (γ ∈ Γ) are equi-uniformly open. Given ε > 0, let δ > 0 be such that B(x γ y γ , δ) ⊆ B(x γ , ε) · B(y γ , ε) for all x γ , y γ ∈ A γ (γ ∈ Γ). Consider (x γ ) γ∈Γ , (y γ ) γ∈Γ ∈ A and observe that
for any η > 1. Hence
Now, assume that multiplication in A is uniformly open. It is easy to see that the projection onto any coordinate is a surjective homomorphism of Banach algebras and Lemma 3.1 gives the assertion. Proof. Let ε > 0 and choose δ > 0 corresponding to ε/2. Take x, y ∈ A and x ′ , y ′ ∈ A 0 such that x − x ′ , y − y ′ < ε/2 and xy − x ′ y ′ < δ/2. We have
. By Schauder's lemma (Lemma 2.1), it is uniformly open.
Remark 3.5. In general, it is not possible to replace the hypothesis of uniform openness on a dense set by mere openness on a dense set to conclude openness everywhere. Indeed, let A = M n be the algebra of n × n matrices. Certainly, GL A is dense in A as every matrix may be approached by a sequence of matrices that have non-zero eigen-values (see also Proposition 2. 
The results
The following result is a handy criterion for non-opennesses of multiplication in various Banach algebras. Proof. We proceed by contraposition so let us assume that GL A is not dense in A. Then, by Proposition 2.4, the set RI A of all right-invertible elements of A is not dense in A. Take f ∈ A \ RI A. We claim that multiplication in A is not open at (f, 0).
Indeed, by the hypothesis, there is ε > 0 such that the intersection B(f, ε) ∩ RI A is empty. The set B = B(f, ε) · B(0, ε) consists of elements that are not right-invertible and, clearly, 0 ∈ B. However, 0 does not belong to the interior of B as for any δ > 0 the element δ/2 · 1 A ∈ B(0, δ) is invertible.
Proposition 4.2. Let A be a unital Banach algebra. Then multiplication is open at points in the sets
Proof. Take x, y ∈ A where x is invertible. Given ε > 0, set δ = ε/2 x −1 . We claim that B(xy, δ) ⊆ B(x, ε) · B(y, ε). Consider z ∈ B(xy, δ); plainly, z = x · x −1 z and x ∈ B(x, ε).
The other case is analogous. Komisarski [23] proved if X is a zero-dimensional compact Hausdorff space, then multiplication in the real algebra C(X) is open. Actually it follows from his proof that it is uniformly open with δ(ε) = ε 2 /4. However, the proof does not carry over directly to complex scalars. Here we offer a simple proof that works both for real and complex scalars. Proof. Let B be the field of all subsets of X that are closed and open. For every finite subset F ⊆ B let B F be the subfield of B generated by F . Then A F = span{1 D : D ∈ B F } is a unital subalgebra of C(X) which is isometrically isomorphic to ℓ k ∞ , where k = log 2 |B F |. The algebra A 0 = F ⊆B,finite A F is dense in C(X) and it has uniformly open multiplication with δ(ε) = ε 2 /4 (ε > 0). In order to complete the proof, we apply Proposition 3.4.
Proposition 4.7. Let S be a cancellative monoid and set A = ℓ 1 (S). If tsr A = 1, then S is a group. Consequently, if S is not a group, multiplication in A is not open.
Proof. Denote by 1 the neutral element in S. Assume contrapositively that S is not a group. Let g ∈ S be an element that does not have either right or left inverse. Let us say that g does not have a right inverse (the other case is symmetric). Consequently, e g is not (right) invertible in A as if it were, with e g * x = e 1 , where x = (ξ s ) s∈S ∈ ℓ 1 (S), then e g * x = s∈S ξ s e gs = e 1 , so ξ s e gs = e 1 for some s ∈ S, thus ξ s = 1 and s is a right inverse for g. Moreover, as S is cancellative the map s → gs (s ∈ S) is injective and so
whence e g is not a topological zero divisor. By Lemma 2.2, GL A is not dense in A. We are now in a position to apply Proposition 4.1.
Having prepared necessary technology, we may answer [3, Question 3 on p. 493] in the negative. Remark 4.9. Let S be a subset of the real line that contains the smallest element. Then S is a commutative monoid when endowed with the operation of taking maximum. When S contains at least two elements, it is not a group. Let us note that when S is a doubleton, A is isomorphic to C({1, 2}), which obviously has open multiplication. This example demonstrates that one cannot remove the hypothesis of cancellativity of S.
Employing the Fourier transform, we may apply Proposition 4.4 to certain group algebras.
Corollary 4.10. Let G be a discrete Abelian group. Suppose that the covering dimension of the dual group G is at least 2. Then multiplication in the complex algebra A = ℓ 1 (G) is not open.
Proof. The Fourier transform F : ℓ 1 (G) → C( G) is a homomorphism of algebras. By the Riemann-Lebesgue lemma, it has dense range. If GL ℓ 1 (G) were dense in ℓ 1 (G), F[GL ℓ 1 (G)] ⊆ GL C( G) would be dense in C( G), however this is prevented by the dimensional constraint. Proof. Assume that multiplications in ℓ 1 (Z n ) (n ∈ N) are equi-uniformly open. Let us fix a non-principal ultrafilter U on N and let
Let us say that an element [(g n ) n∈N ] ∈ G is bounded if for some C > 0 it has representatives ( g n ) n∈N such that −n!/2 g n n!/2 and | g n | C for all n. Denote by G bdd the subgroup of G comprising all bounded elements. As remarked by A. Thom [33] , the function
is a group homomorphism, which by injectivity of the additive group of rationals, extends to a group homomorphism θ : G → Q [20, Proposition 24.5]. By a result of Sąsiada [31] (see [21, Proposition 94 .2] for a modern exposition), the image of θ, being countable, must contain a non-trivial divisible subgroup, which implies that θ is surjective. By Lemma 3.3 and the assumption that ℓ 1 (Z n ) (n ∈ N) have equi-uniformly open multiplications, the algebra Reasoning as before, we conclude that for any ultrafilter V, ℓ 1 (Q V ) has uniformly open multiplication, where Q V denotes the ultrapower of Q with respect to V. We observe that Q and R have isomorphic ultrapowers.
Indeed, let us regard Q and R as vector spaces over Q. Any of their ultrapowers retains the structre of a vector space over rationals. Two vector spaces over the the same field are isomorphic if and only if they have bases of the same cardinality so we need to find the corresponding dimensions of ultrapowers. We have dim Q R = c, the cardinality of the continuum, and as for any non-principal ultrafilter V on a set of cardinality c, R V has cardinality c, hence dim Q R V = c. For any such ultrafilter, we have also dim Q Q V = c, which means that Q V and R V are isomorphic as vector spaces, so also as Abelian groups.
Consequently, we may suppose that R embeds into Q V . However, the group of reals is divisible, so its copy in Q V is a direct summand [20, Proposition 24.5] , hence R is a homomorphic image of Q V . Consequently, by Lemma 3.1, ℓ 1 (R) has uniformly open multiplication. However, it is known that ℓ 1 (R) does not have topological stable rank 1 (neither in the real nor in the complex case, see, e.g., [26, Theorem 1.2] ), so this is a contradiction to Proposition 4.1. Proof. It is enough to notice that each cyclic group is a quotient of Z and apply Lemma 3.1. The assertion for ℓ 1 (Z) follows from the final part of the proof of Theorem 4.12. Suppose that E is a Banach space that admits a bounded linear operator T : E → E with the property that for some γ > 0 we have T x γ x (x ∈ E) and T [E] is a proper subspace of E. If T [E] is complemented in E (one may find such operator, for instance, in the case where X is isomorphic to its hyperplances; every classical Banach space has this property), then multiplication in B(E), the algebra of all bounded linear operators on E, is not open. This partially answers [3, Question 4 on p. 493].
Indeed, as T is bounded below and T [E] is complemented, there is an operator S ∈ B(E) such that ST = id E . However, being non-surjective, T is not invertible. It follows now from Proposition 2.4 that invertible elements in B(E) are not dense. By Atkinson's theorem (see, e.g., [2, Theorem 3.2.2.]), invertible elements in the Calkin algebra Q(E) are exactly images of Fredholm operators in B(E) via the canonical quotient map. Thus if one may find T with the additional property that the quotient space E/T [E] is infinite-dimensional, then multiplication in the Calkin algebra Q(E) is not open (this is still the case, for instance when E is isomorphic to its Cartesian square E ⊕ E; and this property holds for all classical Banach spaces too). Let us record our findings formally. In the case where E is isomorphic to E ⊕ E, the above theorem may be deduced from a result of Corach and Larotonda [15] , who proved that in such case the stable rank of B(E) is infinite. We note in passing that there exist spaces E not isomorphic to their hyperplanes for which the Calkin algebra Q(E) is one-dimensional [1] or isomorphic to C(X) for any countable compact Hausdorff space [27] , hence it has (uniformly) open multiplication (Proposition 4.6). On the other hand, there also exists a space E that is not isomorphic to its hyperplanes whose corresponding Calkin algebra is isometrically isomorphic to ℓ 1 (N 0 ) [ The above theorem applies for instance to the spaces constructed by Motakis, Puglisi and Zisimopoulou [27] whose Calkin algebras are of the form C(X) for a countable, compact space X, and is related to the question of which other C(X)-spaces may be realised as Calkin algebras. By Komisarski's result [23] , if dim X 2, multiplication in the real algebra C(X) is not weakly open. This suggests that should this be possible for at least 2-dimensional compacta, completely different methods for the construction of such E must be employed. Proposition 2.5 gives a more handy criterion for weak openness of multiplication.
Theorem 4.17. Suppose that E is a complex Banach space with the property that each operator in B(E) has totally disconnected (for example, countable) spectrum. Then both B(E) and Q(E) have weakly open multiplication.
Every hereditarily indecomposable Banach space satisfies the hypothesis of the above theorem as operators acting on such spaces have countable spectra. Nevertheless, Read ([28] ) has constructed a Banach space E R with the property that B(E R ) admits the unitisation of ℓ 2 endowed with the trivial product as a quotient. As such, B(E R ) cannot have weakly open multiplication. We may apply Proposition 2.5 to algebras of compact operators as they have countable spectra. Corollary 4.18. Let E be a Banach space and let K ♯ (E) denote the unital subalgebra of B(E) generated by compact operators on E. Then tsr K ♯ (E) = 1 and so K ♯ (E) has weakly open multiplication. 5.1. Acknowledgements. The second-named author is grateful to Marek Balcerzak for bringing the question of openness of convolution to his attention and for warm hospitality during his visit to Łódź (thanks are extended to Włodzimierz Fechner, Szymon Głąb and Michał Popławski). It is our pleasure to thank Yemon Choi and Niels Laustsen (Lancaster) and Filip Strobin (Łódź) for conversations concerning various aspects of this work. Finally, we wish to thank the referee for the remarks that improved presentation of the paper.
